It is known that the radial equation of the massless fields with spin around Kerr black holes cannot be solved by special functions. Recently, the analytic solution was obtained by use of the expansion in terms of the special functions and various astrophysical application have been discussed. It was pointed out that the coefficients of the expansion by the confluent hypergeometric functions are identical to those of the expansion by the hypergeometric functions. We explain the reason of this fact by using the integral equations of the radial equation. It is shown that the kernel of the equation can be written by the product of confluent hypergeometric functions. The integral equaton transforms the expansion in terms of the confluent hypergeometric functions to that of the hypergeometric functions and vice versa, which explains the reason why the expansion coefficients are universal.
Introduction
One of the remarkable feature of the Kerr black hole, which is known to be unique black hole solution with no electro-magnetic charge [1, 2] , is that the gauge invariant perturbation of the spin 0 [3] , the 1/2 [4] fields, the electromagnetic fields [4] , the gravitino [5] and the gravity [4] can be treated by separable equations called Teukolsky equations [4] .
It should be noted that Whiting [6] provided an analytic proof of the stability of the Kerr black holes by using these equations. Unfortunately, Teukolsky equation cannot be solved by any popular special functions since the equation has two regular singular points at horizons and one irregular singular point at infinity. In order to determine the physical quantities such as the absorption probabilities of black holes, we usually had to use numerical integration of the equation. However, for the purpose of investigating the property of the scattering data, it seems useful to provide analytic solutions as has been achieved for Coulomb scattering. These may be used as starting points of the perturbation for the quantum corrections. One of physical application is the absorption coefficients of the black holes [7, 8] . Recently, the analytic methods have been getting a powerful tool even in the field of the gravitational wave astrophysics. [9, 10, 11, 12] The technique for analyzing this type of equation is quite old because a equation similar to Teukolsky equation appeared when we consider the wave function in terms of spheroidal coordinates, which is known to be spheroidal wave equation [13, 14] . The solution of the equation can be expanded either by the hypergeometric functions or by the confluent hypergeometric functions. Therefore it is natural that similar expansions has been considered even for Teukolsky equation [15, 7, 8] .
Regarding the structure of the expansion coefficients of Teukolsky equation, an interesting observation was given in Refs. [7, 8] who showed that the expansion coefficients in terms of the hypergeometric functions are identical to those by the confluent hypergeometric functions up to re-definition of the coefficients. This universality of the expansion coefficients appeared even in the case of the spheroidal wave functions [13, 14] because of which the coefficients are identical up to normalization factor [13] . This fact indicates that there might be some transformation which connects these expansions even for Teukolsky equation. However we cannot obtain the integral equation by a simple generalization of the spheroidal functions because the construction of the kernel in the case of spheroidal functions crusially depends on the fact that the original space is just a three dimensional flat space. In the case of Teukolsky equation, we cannot construct any simple system even if we associate any angle variables. Therefore, the above construction cannot be applied. Instead of considering an analog of such spheroidal wave functions, we treat the equation as an analog of Heun's equation [16] . Heun's equation [16] has four defenite singular points in the equation and Teukolsky equation can be considered as a confluent limit of Heun's equation [17] . We will use a principle used for the construction of the integral equation of the Heun's equation [18] . By constructing the integral equation for the Teukolsky equation, which can be regarded as a confluent analog of the kernel of the Heun's' equation, we will show that the expansion coefficients are universal.
In the next section, we review the analytic expansion of the Teukolsky equation.
There are basically three type of expansions which cannot be connected by the analytic continuation.
In section 3, we will construct a integral equation of the Teukolsky equation. It will be shown that the integral kernel can be written by a product of the confluent hypergeometric functions.
In section 4, it will be shown that the these expansions can be connected by the integral transformation, which implies that the expansion coefficients are universal. Section 5 is devoted to some discussions.
Analytic expansions of Teukolsky equation
In the Boyer-Lindquist coordinates and in units such that c = G = 1, the Kerr metric is written as
where M is the mass of the black hole, aM its angular momentum, Σ = r 2 + a 2 cos 2 θ, and △ = r 2 + a 2 − 2Mr. Klein-Gordon equation for massless fields ψ in a Kerr black hole background can be separated by setting ψ = e −iωt e imφ S m l (θ)R(r), and radial equation is given by
where s is a parameter called spin weight of the field, and
, and E is eigenvalue of spheroidal harmonics S m l (θ). This equation has two regular singularities at r = r ± = M ± √ M 2 − a 2 = M ± p and an irregular singularity at r = ∞.
Setting the new variable
where s takes integer or half integer value and K = (4p
The analytic solution of this equation is obtained not by any special functions but by expansions in terms of special functions such as the hypergeometric functions and the confluent hypergeometric functions.
If we use the expansion in terms of the hypergeometric functions, we have two independent solutions of equation (2.3). Introducing the slightly modified hypergeometric function P (a, b; c; z)
where F (a, b; c; z) is the hypergeometric function, we can express two solutions around
where 6) and τ = (2ωM 2 − am)/2p, and
By inserting the expression (2.5) into (2.3), we find that the expansion coefficients h 1ν k and h 2ν k should satisfy the same recursion relations;
The parameter ν can be obtained by the convergence of the recursion relation [7, 8] or by using the post-newtonian principle [8] .
Note that the solutions around z = 1, which represents the inner horizon, can be obtained by the analytic continuation of the hypergeometric functions. Two independent solutions around z = 1 are
Since these expansions are expressed as linear combinations of R is given by [7, 8] 
where η = −(2ωM + is) and δ = iωM − iτ, and G l (η, ρ) satisfies the Coulomb type 12) which is expressed in terms of Kummer's confluent hypergeometric function Φ(a; b; ρ) as
By inserting (2.11) into the original equation, we find that the expansion coefficients g 1ν k and g 2ν should satisfy the following recursion relations;
14)
which is identical to (2.8)
Moreover, if we set χ = 2ωp(1 − z), which is the expansion in terms of the inner horizon, another expansion can be obtained in the form [15] 
Integral equation
We are going to construct the integral equation in terms of R(z) which satisfies the equation (2.3);
The integral transformation which maps one solution to other solution is given by
where the function R ′ (x) is also a solution of equation (2.3) if the kernel satisfy the
and the surface term of the integral
vanishes at the end of C [17] . To find the kernel, we set new variables as
Then the equation (3.4) becomes
Therefore we can separate the variable, and we put K(x, y) = P (ξ)Q(ζ) so that P (ξ) and Q(ζ) satisfy the equations
where λ is a separation constant. Each equation has two independent solutions and these are expressed by using Kummer's confuent hypergeometric functions as 
Integral transformations
First of all, we consider the transformation from the hypergeometric expansions (2.5)
to Coulomb expansions (2.11) around z = 0; we take R ν 1 (y) in (2.5) as R(y)
A suitable choice of the kernel for this transformation is as follows. We choose P (ξ) in the kernel by using Whittaker's function M κ,µ (z) as
where κ = (E + λ)/2iσ and µ = ρ + s/2. In order to eliminate the factor (1 − y) in the integral equation, we take Q 2 (ζ) in ( 3.11) for Q(ζ). For the convergence of the integral, we take λ = iσ(−2δ − s + 1) so that Q(ζ) becomes
Then the integral equation is given by
By taking the region of the integration as the interval from 0 to +∞ and using the formulae in [19] , we can evaluate the integral as
where C 1 , C 2 are constants which are independent of k. Note that if we start with R ν 2 , we obtain the same result as the equation (4.5) after the integral transformation by using an appropriate kernel.
Note that the solution R ′ 1 (ρ) consists of two independent solutions which are expanded in terms of Coulomb type functions and they are identical to the solution (2.11). Thus two kinds of expansions are connected by the integral transformation. Recognizing the
Therefore the fact that coefficients h ν k , g ν k of different kinds of expansions satisfy the same recursion relations can be understood quite naturally.
Let us consider the inverse transformation. In this case, we start with a slightly
Our choice of the kernel is as follows. In order to eliminate the factor (y − 1), we take Q 1 (ζ) with λ = −iσ(2δ + s + 1) so that
For the convergence of the integral, we combine P 1 (ξ), P 2 (ξ) into the form 10) where W −κ,µ (z) is Whittaker's function. Then the integral equation becomes
By taking the region of the integration as the interval 0 to infinity and using the formulae in [20] , we can evaluate the integral. The solution is
Thus we could perform the inverse transformaion, which completes the relation between two expansion around z = 0. The relation between expansion coefficients are
We next consider the relation between expansions around z = 1. As before, we use
where χ = 2ωp(1 − y) and ǫ = −s − iωM − iτ . In this case, the role of y and 1 − y are interchanged in the integral equation. In order to eliminate the factor y, we take P (ξ) as
where we set λ = iσ(2ǫ + s + 1) − E. For the convergence of the integral, we take Q(ζ) as
where κ ′ = λ/2iσ, µ ′ = δ + s/2. Then the integral transformation becomes
By considering the integral region as the interval 0 to infinity, and by using the formulae in [20] , we obtain the solution of the equation as
Note that the same result holds if we start with R ν 4 (χ). R ′ν by the integral transformation. The relation between expansion coefficients are
We thus find that all the coefficients are connected by the analytic continuation of the wave function and the integral transformation which maps the solution of Teukolsky equation to other solutions.
Conclusion
We have constructed the integral equation in terms of equation (2.3 
